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Abstract

The state of stress adjacent to the corner of a complete or almost complete fretting contact pad is studied using the
corresponding Muskhelishvili potentials. Three potential are employed; that for a semi-infinite rigid punch, that for a
finite square-ended rigid punch, and that for a punch having a flat form with radiused corners. It is shown that the
asymptotic stress field (the semi-infinite punch) matches the finite punch well over a large region. Further, the edge
radius which can be tolerated, but still giving rise to a local stress field which can be approximated by the asymptotic
solution is found. The implication of these results for the application of an asymptotic approach to the design of almost
complete fretting contacts is described.
© 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The use of asymptotic analysis in quantifying fretting fatigue behaviour was pioneered by (Giannako-
poulos et al., 1998). In that paper, he draws an analogy between the stress state existing at the corner of a
square contact, and that present at the tip of a crack. This is attractive, because the formation of a crack
may then be thought of as ‘branching’, which helps to remove some of the imponderables present in a crack
initiation analysis. The principle difficulty is that a square-root singularity in the stress state exists only
under rather restrictive conditions. A variation on this idea is to use frictional wedge asymptotics, as de-
veloped by Gdoutos and Theocaris (1975) and Comninou (1976) to quantify the local extended elastic stress
state, within which a ‘process zone’ develops, whose characteristics are totally controlled by the singular
field (Mugadu et al., 2002). This permits a generalised stress intensity factor to be developed, which controls
the initiation environment. There are clearly very strong analogies, here, between the problem of initiation
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at a complete fretting contact, and the extension of a crack in fracture mechanics. In each the process zone
must be contained wholly within (well within) a singular elastic field, having a unique order of singularity,
and a unique spatial distribution. This is the question of ‘small scale yielding’, and we have addressed this in
relation to the contact problem in a recent article (Mugadu and Hills, 2002). A further feature required of
the crack tip, before conventional fracture mechanics principles can be rigorously applied is that it must be
‘sharp’, for the singular stress state to apply. In the case of a crack this usually means that there must be no
blunting caused by local plasticity, but in the case of a fretting contact, the problem is potentially more
serious. All real contacts must be machined, and there must therefore, in reality, always be a local cur-
vature. The question is; how big can that curvature be? A very straightforward and simplified way of
answering this is to say that the radius of curvature must be small compared with the characteristic size of
the process zone, but this is really only an estimation. A more rigorous approach is to examine the
characteristic local stress field itself, and to see how closely the contact stress field adjacent to the edge of the
contact for the ‘flat-and-rounded’ punch resembles the asymptotic stress appropriate to a semi-infinite
square-ended punch, within the domain where the elastic stress field provides a controlling hinterland to the
process zone. We have made a preliminary investigation using a comparison of the local pressure distri-
butions (Navarro et al., submitted for publication), but here, a fuller approach using the complete local
stress state is pursued.

2. Square-ended punch

Fig. 1 shows a rigid, square-ended punch, resting on an incompressible half-plane. The elastic constants
are chosen in this way so that the presence of frictional shearing tractions does not modify the contact
pressure distribution, which is given by

ap(x) 1

- : (1)
P /1 — (x/a)’

Here, P is the applied load and a the contact half width. The corresponding Muskhelishvili potential for the
problem, with the punch now sliding, is

>
X

Fig. 1. Representation of a square-ended rigid punch on an incompressible half plane.
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where fis the coefficient of friction, z = x/a +iy/a and i = v—1. Now move the origin to the left corner of
the punch by the transformation # = z + 1, giving

ap(n) _ (L=1if) (y _m\~'72
= 1—= 3
P 2my/2n ( 2) 3)
and use the binomial theorem to extract the dominant term, so that, when || < 1
| —i
W)LY exp (- i0/2) 4)

P 2n/2p

where n = pexp (i6). This represents the behaviour of a semi-infinite punch, and is equivalent to the stress
distribution given by a standard asymptotic analysis. It is therefore straightforward to discover explicitly
the domain in which the singular term provides an accurate description of the local stress state. The stress
field implied by the potential is characterised by two components, and it is possible to display these in
various ways. Fig. 2(a) shows a plot of the normalised von Mises’ parameter, av/Js,qm,/P, for a sample
coefficient of friction, ' = 0.6. The complete and asymptotic stress fields become identical as p becomes
small (i.e. p < 1), and divergence occurs as the observation point moves away from the corner. The rate of
divergence depends on the angle 0 along which one moves away from the contact edge, and on the coef-
ficient of friction, /. For a discrepancy between the full and asymptotic fields, (vZapn — vV2usymp)/ vV 2ru» OF
less than 5%, the maximum value of p/a when f = 0.6, is about to 0.05, Fig. 2(b). From Fig. 2(a) this
corresponds to a normalised load, P/at, of about 2.5, where 1, is the yield stress in pure shear.

y/a y/a

»
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Fig. 2. (a) Plot showing the normalised von Mises’ parameter, a\/Zasymp /P, for a rigid, square-ended semi-infinite punch, when f = 0.6.
(b) Plot showing the discrepancy, (av/Japu/P — av/J2asymp/P)/a\/Jasui /P, between the finite and semi-infinite square-ended punches at
the contact edge for f = 0.6.
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3. Flat-and-rounded punch

A new way of displaying the Muskhelishvili potential for this geometry, avoiding the need to use a series
expansion is used. The procedure has been developed independently by Jager (2002) to solve a wider range
of contact geometries. Here, we use it merely as a direct method of obtaining a range of asymptotic so-
lutions. Suppose that the contact problem itself has been solved, giving rise to a contact of half-width a,
whilst the flat portion of the contact has a half-length ka (where k < 1), Fig. 3. Employing coordinates
normalised with respect to the contact half-length, one form of the pressure distribution, which can be
derived directly from Ciavarella et al. (1998) is

pl) = KVl = -1 V1=2@t—-x) Jr V1-2(t—x)

(5)

—k 1 _
(k+1)de (t —k)de 1’ <1,

where K is given by E*/2mnR which, for the special case of two elastically similar bodies, becomes
E/4nR(1 —v?) with E denoting Young’s Modulus, v Poisson’s ratio and R the radius of curvature of the
corners of the punch. If the contact is in gross sliding, the Muskhelishvili potential is given by (Hills et al.,
1993)

C1—if 1 p(x)dx
o(z) = 2mi J  x—z (6)
Now let
—k 1
(k+1t)ds (t—k)ds
L= —’"  and L= — 7
T Vimei—a 0 PT ) T—i—x )
so that
L
B(z) = K 2nilf1’ (8)
Yy A
P
N L
_a-llca kalla X

Fig. 3. Representation of a flat punch with rounded edges resting on an elastically similar half plane.
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where
V1 —x2
I—/ r—2 11+12)dx, (9)

= 13 +I4.

A direct approach, solving the inner integrals first, rapidly becomes intractable. However, by changing the
order of integration progress can be made. Consider first /;, changing the order of integration and using
partial fractions we obtain

Mtk VI
L= i {/ ( )dx}dt, (10)

v1-¢ P (=)t —x
followed by

I = 11
) m t—z ()
The first of the inner integrals is regular whilst the second is a Cauchy principal value, and may be evaluated
in closed form to give

X —2z

TR [,

-k
L= /km(t_z){RH—t}dt, (12)

where R = vz2 — 1 —z. We now note that the fraction in the integrand may be re-written as

_ 2 (7 —
CBRLD _ (=T k) 4o 2 1EH (13)
t—z t—z
which then leaves three integrals which can be evaluated in closed form, to give
_ 1)V (T ! 2 EAYE _T
14_7{(\/2 k)(2 sin (k)) VIR (z k)(lT(k) 2)} (14)
where,
N ) _
T(k):lln %\/z IW1-k+kz—1 (15)
2 V22 — 1Vl — k2 —kz+ 1
The whole process may be repeated for I3, to give
— 2 Z _gin~! iT(—
13_n[(\/z +k)(2 sin (k))+(z+k)( iT(— k) 2)} (16)
Finally, therefore,
i
o(z) = — 2ilf V21 (5 —sin () — 7z i+ BT~ K) + iz - TR (17)
Note that if k£ = 0 (the Hertzian contact problem) then 7(—k) = T'(k) and
1 _
o(z) = VR (18)

2i

which is correct! We cannot conduct a similar test for £ = 1 (the square-ended punch) as the pressure has
been calculated on the basis of p(+1) — 0 which would not apply if this limit were taken. Fig. 4(a) shows a
typical distribution of the normalised von Mises’ parameter, a\/J,/P, when k = 0.9 and f = 0.6.
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Fig. 4. A typical distribution of the normalised von Mises’ parameter, a\/J,/P, for a flat pad with rounded edges when k = 0.9 and
1 =0.6 (a) and at the contact edge of a flat pad with rounded edges when £ = 0.9995 and /' = 0.6 (b).

Just as we used the semi-infinite punch solution to characterise the stress state at the edge of the finite
punch, we can now determine the local stress distribution at the edge of the flat-and-rounded punch. Note
that, in practice, we are interested in the state of stress very local to the contact corner, and for values of k&
close to unity, i.e. where the punch is almost square-ended. This asymptotic solution may be developed
following two basic approaches; (a) first, let £ = /1 —s? so that as s — 0, £k — 1. Make this substitution
into Eq. (17) above, and write the resulting expression as a series expansion in s leading to

3 1—1i —2s3
P(z) = —27:;3 ( 2ilf) (3\/;;:T+O(s5)> s < 1 and Vz. (19)

We then make the substitution # = z + 1 followed by # = pe’ and use the binomial theorem to simplify the
square-root discriminant, with the result

(D(n):—g(lz\/zi_z>exp(—i0/2) s< land p < 1. (20)

Alternative (b) is to make the substitution =z + 1 into Eq. (17) first, so that when n < 1 a binomial
expansion leads to

1 —if
V2

Comparing the asymptotic solutions presented in Egs. (20) and (21) we note that: the former results in a
square-root singularity and the latter, a bounded solution, as p — 0. This is to be expected since the former
leads to a square-ended punch as & — 1. The latter expression holds for any k, where we know that the
solution is bounded. In the present investigation, Eq. (17) was employed to investigate the local stress state
at the contact edge, and Fig. 4(b) shows an example distribution of av/J,/P for k = 0.9995 and f = 0.6.

&(n) ~ —K ((m —2sin"'(k)),/pexp(i0/2)), for p < 1 and Vk. (21)
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4. The effect of edge radii

If the punch under consideration has a finite corner radius, then it must be the case that the traction
components of stress vanish as the edge is approached, and hence, from Way’s theorem (Way, 1940), so
must the other stress components, at least under frictionless conditions. It follows that, formally, the state
of stress in the neighbourhood of the contact edge can never be properly represented by the asymptotic
solution of a square-ended semi-infinite punch which is, by definition, square-root singular. On the other
hand, a simple comparison of the contact pressure distributions adjacent to, but not at the contact edge
(Navarro et al., submitted for publication), shows that the latter may be scaled so that it fits the pressure
distribution of a flat-and-rounded punch over a wide region, providing that k is very close to unity.

A comparison is needed between the full field solution for a flat-and-rounded punch, and the semi-
infinite square-ended punch solution. This may easily be achieved through the medium of the finite square-
ended flat punch; the flat square-ended and flat-and-rounded punch solutions may be compared simply by
using the same contact load, i.e. keeping ap(x)/P the same for each. The semi-infinite punch solution is then
abstracted from the former in the manner described above.

5. Asymptotic solution

It is instructive, first, to examine the domain of validity of the semi-infinite punch solution as a repre-
sentation of the finite square-ended punch solution, as this requires no scaling, and formally approaches the
finite flat punch solution as the corner is approached. We note from Fig. 2(b) that the lines of constant
discrepancy run slanted to the right with the contour of ‘zero’ error passing through the point (0,0), as
expected. Above and to the right of this contour, the full field is stronger (higher order terms becoming
significant), while below, it is weaker than the solution implied by the semi-infinite punch.

A comparison between the full field of the flat-and-rounded punch and the asymptotic solution implied
by the semi-infinite punch was made next. Practical cases of interest are when k is very close to unity, and
the example results shown in Figs. 5 and 6 are for £ = 0.9991 and 0.9999, respectively, for f = 0.6. Each
figure displays two basic sets of contours:

1. Contours of constant discrepancy, (av/Jap/P — @/ Jrysymp/P)/a\/T2su /P, between the respective magni-
tudes of the normalised von Mises’ yield parameter.

2. Contours representing the shape and size of the local crack initiation environment, or process zone, as
measured by the von Mises’ yield criterion, v/.J,, based on the flat-and-rounded punch full field solution.
The plastic front is shown as a function of P/at,, where 7, is the yield stress in pure shear.

Each set of contours is displayed on two different scales, one very close to, and the other slightly further
from the contact edge. The reasons behind this will become clearer as the solution is developed. The object
of the second set of contours is to display the range of process or plastic zone sizes which may be char-
acterised by the singular solution, employed as an idealisation of the actual plastic zone given by the full
field solution. It is assumed that small scale yielding principles apply, so that yielding is quantified by using
the elasticity solution to the problem, and finding out where the yield criterion is exceeded, in the spirit of
the standard plastic zone calculations carried out at crack tips in LEFM. The process zone is controlled by
an elastic hinterland, so that the region of matching of the asymptotic solution (to within an arbitrary
specified tolerance) must extend ‘well beyond’ the process zone itself.

It is important to recognise that the full flat-and-rounded punch field and the asymptotic field match
exactly only along a particular contour p(¢). The two fields diverge for larger values of p in a similar sense
to the divergence between the full square-ended punch and semi-infinite punch solutions. However, they
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Fig. 5. (a) Plot showing the “outer boundary” discrepancy between the flat-and-rounded full field solution and the asymptotic semi-
infinite punch solution, (av/ oy /P — av/Jaysymp/P)/ax/Tapa /P, when k = 0.9991 and f = 0.6. (b) Plot showing the “outer boundary”
plastic yield fronts, P/at,, when k = 0.9991 and f = 0.6. (c) Plot showing the “inner boundary” discrepancy between the flat-and-
rounded full field solution and the asymptotic semi-infinite punch solution, (av/ /P — av/Jaysymp/P)/av/Toran /P> when k = 0.9991
and f = 0.6. (d) Plot showing the “inner boundary” plastic yield fronts, P/at,, when k = 0.9991 and f = 0.6.

also diverge for small values of p, because the two fields are qualitatively very different as p — 0. The outer
limit of the zone of approximate matching is well outside the region in which the stress field has a steep
gradient, in the neighbourhood of the flat-to-rounded transition. In the conventional application of an
asymptotic solution (in the sense of a classical crack problem or the finite square-ended punch problem),
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Fig. 6. (a) Plot showing the “outer boundary” discrepancy between the flat-and-rounded full field solution and the asymptotic semi-
infinite punch solution, (av/Japu/P = avFausymp/P)/av/Tagun /P, When k = 0.9999 and f = 0.6. (b) Plot showing the “outer boundary”
plastic yield fronts, P/at,, when k = 0.9999 and f = 0.6. (c) Plot showing the “inner boundary” discrepancy between the flat-and-
rounded full field solution and the asymptotic semi-infinite punch solution, (av/Jop/P — av/Tayymp/P)/ax/Tagu /P, when k = 0.9999
and f = 0.6. (d) Plot showing the “inner boundary” plastic yield fronts, P/at,, when k = 0.9999 and / = 0.6.

there is only an upper bound on the magnitude of the acceptable load. This is because the discrepancy
between the asymptotic and full field solutions decreases monotonically as p decreases. When comparing
the flat-and-rounded punch and semi-infinite solutions, there is also a minimum load which can be tolerated,
because of the divergence of the two solutions for small p. It is precisely this behaviour that leads us to
display the above two sets of contours on two different length scales. Figs. 5 and 6 display these load
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Fig. 7. Plot showing the upper and lower bounds of the applied load, P/aty, as a function of & such that the maximum discrepancy is
5% for f =0.3, 0.6 and 0.9.

boundaries under specific conditions where the tolerable discrepancy between the full and asymptotic so-
lutions at the plastic boundary, has been arbitrarily set at 5%; looking at Fig. 5(a) and (b), (k = 0.9991 and
f = 0.6) the upper load boundary, we see that P/at, is about 2.6. From Fig. 5(c) and (d), the lower load
boundary, P/at,, is about 2.29. For the case of k£ = 0.9999 and f = 0.6, Fig. 6, the load boundaries are
given as 0.61 < P/at, < 2.6. Many plots of this kind were obtained, and from them the range of acceptable
normalised loads, P/at,, were found. Thus, the load range is known as a function of the proximity of the
local elastic stress state to the square-ended punch solution. This information is summarised in Fig. 7 for
three sample coefficients of friction, viz. 0.3, 0.6 and 0.9, and is an intermediate form of the results used to
find the load range for a particular geometry.

From Fig. 7 we note that the upper bound on the contact load is, for practical purposes, independent of
the value of k, precisely because the physical location of the plastic front at the upper bound load is well
removed from the location of the steep pressure gradient, itself a strong function of k. Conversely, the lower
bound load is strongly dependent on the value of k; it decreases with increasing k (at a steeper gradient for
smaller ) so that when & = 1 it vanishes leaving only an upper bound load. Additionally, with a decreasing
value of k the lower bound load approaches the upper bound load until the two coincide. The point at
which they converge is friction dependent taking place at smaller values of k& for larger f. At still smaller
values of k there is no valid solution.

6. Application of results

In a real problem the value of the contact patch semi-width, a, is not known, but is a dependent variable
of the calculation, whereas the length of the flat portion of the punch, 2ka, is known; neither k nor a is
known individually. If we let the product, ka, be denoted by b, the contact law defined as

PR m—2¢, _cotqﬁ0
E*b? 4 sjn2 ¢0 2’ (22)
¢, =sin"'b/a
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[T ]

may be used to eliminate “a” from the expressions defining the normalised von Mises’ parameter, a\/J,/P,
leading to the dimensionless quantity, Rty /E*b.

In practical problems, the quantities which are normally known are; the length of the flat portion of the
punch (2b), the material properties (E*, 1y), the applied load, P, and the punch corner radius, R. The ac-
ceptable range of values of P is what is needed, and k becomes an intermediate parameter in the calculation.
This information may be obtained directly from Figs. 8—10 for three sample coefficients of friction, 0.3, 0.6
and 0.9, respectively. These display the acceptable dimensionless load range, P/bty, to ensure no more than
a 5% discrepancy between the actual elastic stress state and that given by the semi-infinite square-ended
punch solution. This condition is imposed at the implied elastic-plastic boundaries, as a function of the
dimensionless edge radius, Rt,/E*b. Fig. 11 combines these plots for ease of comparison, but omits the
contours of the intermediate variable, k, for clarity.

4
outer bound load
3.5 k=0.9998
3 k= 0.9999
< k=10
£ 25
=
K}
g 2
=) .
2 inner bound load
2 1.5
&
1 p
0.5 {
0 T T T T T T
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Rt/Ebx 10°

Fig. 8. Plot of the applied load, P/bt,, against Rty/E*b, showing the region over which the maximum discrepancy between the as-
ymptotic and full field solutions is 5% for contours of constant k¥ when f = 0.3.

3
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5 21 k = 0.9996 k=099
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0 T T T T T T T T T T T
0 1 2 3 4 5 6 7 8 9 10 11 12

Rt,/E'bx 10°

Fig. 9. Plot of the applied load, P/bt,, against Rty/E*b, showing the region over which the maximum discrepancy between the as-
ymptotic and full field solutions is 5% for contours of constant k when f = 0.6.
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Fig. 10. Plot of the applied load, P/bty, against Rt,/E*b, showing the region over which the maximum discrepancy between the as-
ymptotic and full field solutions is 5% for contours of constant kK when f = 0.9.
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Fig. 11. Plot of the applied load, P/bt,, against Rt,/E*b, showing the region over which the maximum discrepancy between the full and
asymptotic fields is 5% for various coefficients of friction.

Before proceeding to determine that range of acceptable applied loads, we note three observations from
Fig. 11; (a) a wide range of R values can be tolerated in relation to the upper bound load on the plastic zone
size, (b) the lower bound load which can be tolerated is strongly dependent on R; it becomes vanishingly
small as R — 0 but coincides with the upper bound load at specific values of k and f. Lastly, (c¢) the tolerable
R value range (corresponding to the lower bound load) increases with increasing coefficient of friction; it is
quite extensive when fis 0.9, but very restricted indeed when f'is 0.3. Thus, for a coefficient of friction of 0.6,
Fig. 9, there is no acceptable load range where the asymptotic solution applies if Rty /E*b > 11.5 x 107.

As a practical example, consider the case of a nominally flat pad with » =5 mm. Assume that the
material has an elastic constant £* of 112 kN/mm?, a yield strength in shear, t,, of 475 N/mm?, and that the
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coefficient of friction is 0.6. If the pad radius were 10 pm then Rt,/E*b = 8.48 x 10~ (depicted in Fig. 9 as
the vertical dashed line running through this point). In order to determine the load range we note the points
at which the dashed line crosses the inner and outer load bound curves, so that the load range is given as
1.65 < P/bty < 2.6 which corresponds to 3919 < P (N/mm) < 6175. If instead f'was 0.9 (Fig. 10, curve A),
the applied load range would be given by 1259 < P (N/mm) < 4750, while for the same coefficient of
friction and R = 20 um (Fig. 10, curve B), the load range is 1900 < P (N/mm) < 4750. Note that in the
case of /= 0.3, R would have to be of the order 0.5 pm in order for matching within the specified tolerance
to be achieved, i.e. Rty/E*b = 0.8 x 1075

7. Conclusion

The asymptotic solution of a semi-infinite, square-ended punch, has been extracted from the known
Muskhelishvili potential for a finite, square-ended rigid punch, sliding against an incompressible half-plane.
A closed form solution of the Muskhelishvili potential for a flat punch with rounded edges sliding against
an elastically similar half-plane has been used to define the stress state everywhere in the half plane. The
asymptotic solution was then compared to the full field solution of the flat-and-rounded configuration, at
the contact edge. This comparison reveals two boundaries: an inner and outer boundary, such that the
assumptions of small-scale yielding might be invoked for a specified discrepancy between the two solutions.
This involved determining the shape and size of the plastic fronts, based on the elasticity solution, so that
the maximum allowable discrepancy was not exceeded. We therefore determined an upper and lower bound
load which are functions of the coefficient of friction, f, and the ratio of the flat to contact width, k. It has
been shown that for a given f the upper load bound is practically independent of k while the lower load
bound is strongly dependent on k.

We go on to define a dimensionless parameter, Rt,/E*b, based on physically measurable variables, and
obtain contours such that the upper and lower discrepancy bounds are not exceeded. This is then plotted
against the applied load, P/bty, resulting in a region over which matching to within the specified tolerable
discrepancy is achieved. It is then possible to determine the range of P values (for given R values) such that
the assumptions of small-scale yielding hold. Conversely, the analysis shows that the range of acceptable R
values increases with the coefficient of friction, and that although in the manufacture of a nominally square-
ended complete contact, a finite edge radius will arise, under certain conditions the practically acceptable
values of R lie within manufacturing tolerances. However, in situations where the value of k is rather
smaller such as in the dovetail joints used in gas turbines, the same conclusion cannot be drawn.

It should also be emphasized that the whole calculation was carried out on the basis of a sliding contact,
in order to reduce the number of dependent variables. An extension to partial slip would clearly be possible
and straightforward.
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